Virtual force approach is preferable for motion planning of mobile robots in dynamic environments. It composes virtual attractive forces to drive robots to destinations and virtual repulsive forces to steer robots away from neighbouring robots. However, most traditional methods use functions with limited controllable parameters, compromising design flexibility essential for smooth yet responsive robot motions.
Introduction

Background
Motion planning for mobile robots is a problem on how a team of robots can achieve collective motion objectives in a shared working place while avoiding interference with one another [16] . Research in this field dates back to the late 1980 s and remains one of the most difficult and important problems in multi-robot control, particularly in dynamic environments. Various applications cover this problem, such as logistics [8] , military operations [10] , and computer graphics [23] .
The environments of motion planning can be classified into two categories, namely static and dynamic [14] . In a static environment, the situation is completely known and remains constant, in terms of layout, obstacles, tasks, traffic conditions, etc. In a dynamic environment, on the other hand, routing decisions for motion planning are based on frequently changing conditions. The advantage is that route validity can be maintained during operations even in uncertain circumstances, such as stochastic task requests and dynamic traffic conditions. However, optimality of the routing cannot be ensured. This paper addresses motion planning problems in dynamic environments.
Performance of a robot team can be evaluated from a number of perspectives, for instance, time spent in a mission, energy consumed, distance travelled, motion CONTACT S.H. Choi shchoi@hku.hk safety, or a combination of these criteria [16] . This paper is aimed to improve robot team performance by enhancing motion safety and shortening operational time. Safety is paramount in making sure missions are accomplished without suspension and failure. With safety ensured, operational time is particularly crucial in fast-paced and tightly-scheduled missions. Alongside motion planning, the issue of task allocation, which distributes jobs to the robots, also plays a pivotal role in improvement of operational time. To address this issue, we have proposed an auction-based method which features a closed-loop bid adjustment mechanism [25] . To make fair comparisons between different motion planning methods, this paper uses the same task allocation scheme with our auction-based method.
There are some popular techniques for multi-robot motion planning, such as protocol-based methods [15] , sampling-based techniques [11] , genetic algorithms [21] , spatiotemporal planning [2] , potential field methods [12] , virtual force approaches [7] , graph-based techniques [13] , etc.
Each of these techniques has its own pros and cons. Virtual force approach is generally preferable for robots to perform team work in a dynamic environment. This approach composes virtual attractive forces that drive the robots towards their targets and, at the same time, exert repulsion to steer the robots away from the obstructing robots [9] [18] . Similar approaches are potential field methods, which direct the robots as if they were particles moving in a force field. These methods require full information of static environments beforehand and suffer local minimum [12] .
Helbing et al. [7] proposed an empirical force model to simulate dynamics of multiple mobile agents. This model kept the agents away from one another by a repulsive interaction force and adopted a body force to counteract body compression between any agents. Although this model was derived from real data, its disadvantage was that the agents were modelled as particles which tended to shake in response to numerous forces in high-density crowds.
Diller et al. [4] presented a method to control multiple micro robots in three dimensions using magnetic gradient. Micro robots assumed different magnetic directions in a rotating or oscillating magnetic field. The proposed method could be used for 3D control of a team of micro robots inside micro fluidic channel or human body for localized therapy or diagnostics. Nevertheless, it was only effective in controlling two robots.
The design of virtual forces plays a pivotal role in improving robot motions to avoid robot collisions and enhance overall team performance. However, most traditional methods lack design flexibility to locally adjust the virtual forces according to the changing situations, hampering responsiveness of robot motions in dynamic environments and leading to possible robot collisions.
Concerning the attractive force, a traditional method is to formulate a constant force as f goal = K 1 u, where K 1 is a constant and u is a unit vector pointing from the robot to its destination. The dashed line in Fig. 1 shows the corresponding force design and its drawback. Another traditional method is to adopt the force magnitude linearly proportional to the distance from the goal, in the form of f goal = K 2 x goal , where x goal is a distance vector pointing from the robot to its destination. Solid line in Fig. 1 shows this force design and its deficiencies. Although the constant K 2 can be tuned to adjust the force design, the flexibility of controlling the curve shape locally is still much limited. Turning to repulsive force, most traditional methods use an inversely proportional function to calculate the force:
, where x i is a distance vector pointing from neighbour i to the robot concerned; and A is a scaling factor. The corresponding force design and it drawbacks are shown in Fig. 2 . The flexibility of force design is poor as well, for there is only one controllable parameter, A. For example, if the magnitudes of repulsive forces in the outer sensing range are strengthened to steer the robots, it will inevitably jeopardize the force magnitudes in the inner sensing range. Overall, most traditional methods use simple functions to design virtual forces, for the sake of reducing computational burden of online force calculations. Although such methods are computationally effective, they generally lack design flexibility, which is crucial to generate adaptive and responsive virtual forces to suit dynamic situations.
Research objective
It is therefore desirable to develop a flexible method of enhancing the design freedom of virtual forces, while maintaining computational efficiency of the force functions. For this purpose, we propose a spline-based design method for both attractive and repulsive virtual forces. Splines are traditionally used in geometric applications, like curve fitting and surface design. This paper features interpolating cubic splines for force design. Interpolating user-assigned control points facilitates flexible force design to generate desirable force magnitudes at specified locations of each robot. The shape of a spline can be locally adjusted to modify the force magnitudes, without jeopardizing the interpolation properties of other control points. The virtual forces, generated by flexibly designed spline functions, can drive the robots responsively in accordance with real-time situations during motions. As such, operations of robot team become safer and overall operational time is shortened considerably.
Spline Functions and Curves
Splines are a common type of polynomial curves. A spline consists of piecewise polynomial curves that are differentiable up to a prescribed degree [5] . The term "spline" originally refers to a thin strip of wood or metal mounted through some desired points for ship hull design. Other traditional applications of splines include automotive and aircraft industries, curve and surface design in computer graphics, and data fitting in statistics [22] . Some examples of splines are interpolating spline [22] , approximating spline [5] , Bézier curve [20] , B-spline [3] , and Non-Uniform Rational B-Spline (NURBS) [17] , which are summarised in Table 1 .
This paper chooses interpolating cubic spline because of the following four main merits.
Firstly, an interpolating cubic spline facilitates flexible design for virtual forces. The spline passes through userspecified control points, generating desired force magnitudes at specified positions of each robot. Meanwhile, change of a control point will not jeopardize properties of other segments.
Secondly, in comparison with linear or quadratic splines, a cubic spline not only provides continuous forces with smooth changing rates, but also features second derivatives of forces. This feature appeals a lot to some advanced actuators of robots that can output more agile forces.
Thirdly, the degree of an interpolating cubic spline is independent of the number of control points, and remains persistently cubic and numerically stable over all the curve segments. This merit allows more control points for flexible force design, while keeping numerical stability with minimum interpolation errors possible.
Fourthly, this method is computationally efficient. An interpolating cubic spline can be described by a set of cubic polynomial functions, whose coefficients can be easily pre-calculated offline by standard methods.
An interpolating cubic spline with (n-1) segments meets the following conditions:
(1) Each curve segment is described by a cubic polynomial function:
The spline function is C 2 smooth over the domain [x 1 , x n ]; (3) The spline interpolates all the given points {(
It is efficient to derive the coefficients and to uniquely define the spline functions. For each curve segment, there are four coefficients:
For an entire spline consisting of n-1 curve segments, 4(n-1) coefficients are needed. A n interpolating cubic spline S(x) is C 2 smooth at every inner point and gives three equations:
where i = 2, 3, . . . , n-1. For n-2 inner points, we have 3(n-2) equations.
To meet the interpolation condition (3), for all the n control points, we have other n equations:
The number of additional equations is: 4(n-1) -3(n-2) -n = 2. These two equations are given by the boundary conditions at two end points. For efficient computation and minimum curvature at the ends, natural cubic spline boundary conditions are used in this paper, giving:
Now given these 4(n-1) equations, we can derive the 4(n-1) coefficients α i,k , k = 0, 1, 2, 3, where i = 1 2, . . . , n-1, and hence uniquely define an interpolating cubic spline.
Procedure and Guideline of the Spline-based Flexible Method
This section presents the details of the proposed flexible spline-based method of virtual force design for dynamic motion planning of robots. As shown in Fig. 3 , the implementation of the spline-based virtual force design consists of four steps. The first three steps are carried out offline while the last step is realised online. In step 1, the number of control points and their desired positions are specified, based on the following empirical guideline. A spline is uniform in that the control points are evenly distributed across the spline. For the attractive force function, it is monotonically increasing. Two end points of the spline are specified first, according to the application requirements, such as the longest distance to the goal and the desired driving force near the destination. One inner point is used to tune the shape of the spline to be convex or concave, so that the anticipated force magnitude and its changing rate can be achieved. For the repulsive force function, it is monotonically decreasing. The two end points are positioned first, subject to the desired force value at the brim of the sensing range and the strongest repelling force when two robots almost collide. Some inner points are then specified to divide the sensing range into some sections that correspond to different levels of collision danger. The inner points are also used to tune the shape of the spline locally to achieve the anticipated force values and their changing rates.
In step 2, some cubic polynomial functions are used to describe the curve segments of a spline, with a number of coefficients to be derived. A set of linear coefficient equations are established according to the spline properties, like smoothness, interpolation, and end point boundary conditions.
In step 3, the unknown coefficients are derived by a linear algebra algorithm, and hence the spline functions for both the attractive force and the repulsive force are uniquely defined.
After these three offline steps, the spline functions in step 4 can be applied to each robot for online calculations of virtual forces, according to the real-time dynamic situations in motion.
Case Study: Military Robots at Battle Fields
A simulator is implemented to validate the proposed spline-based method of virtual force design. The simulator is developed using the C++ programming language on the Player/Stage open-source platform, which is widely used for multi-robot control and simulation [19] . The Player/Stage runs in a Linux-based operating system called Fedora.
The simulator has been used for simulation of various operations, including AGVs at container terminals, military robots in battle fields, and rescue robots in disaster areas. This section presents simulation of a team of autonomous military robots to destroy enemies.
Military robots have been receiving increasing popularity in modern battle fields, such as unmanned aerial vehicles for reconnaissance, ground robots for combats, and underwater robots for scouting [6] , [24] . Fig. 4 shows a simulated battle field, which involves sixteen military robots fighting together in a mission to destroy five types of enemies. The battle field covers an area of 3800 m × 2500 m. Each robot, modelled as a small black triangle, measures 10m×4 m and weighs 30 tonnes. The maximum speed is 35m·s −1 . The maximum acceleration and deceleration are 3m·s −2 and -3m·s −2 , respectively. The sensing range of a sonar is 400 m.
It is assumed that a military satellite spies above the battle field and commands the robots to destroy the enemies detected. The stealth robots prowl to the enemies and destroy them, without being discovered and fought back. This assumption is seen in a number of realistic military operations, such as unmanned aerial vehicles (UAVs) in stealth attack missions and submarines to secretly assault the adversarial warships [1] . The five types of enemies appear stochastically and continuously at different locations. It is assumed that enemy targets are stationary, such as radar stations, missile bases, and forts. A mission for the sixteen stealth robots to destroy five types of enemies is described in Table 2 . The robots are assumed to be capable of destroying all the five types of enemies. There are two major operational uncertainties, namely unpredictable appearance of enemies and dynamic interferences between the comrade robots.
The following section presents how the interpolating cubic splines are applied in both the attractive force and repulsive force, respectively.
To describe the dynamics of the virtual forces on the motion of each robot, a navigation function is formulated in the form of Newton's law of motion: Design of the attractive force and the repulsive force for this case study is illustrated as follows.
Attractive force
• Step 1: Assignment of control points
The assignment of control points in attractive force design follows such a guideline. The attractive force spline is monotonically increasing. The two end points of the spline are specified first, according to the longest distance to the target and the desired driving force near the goal, respectively. One inner point is used to tune the shape of the spline to be convex, so that the attractive force is more vigorous than the average and the changing rate near the goal is sharper to achieve swifter motion adjustment.
When a robot is approaching its enemy, the attractive force should be neither too strong to make the robot overshoot its target, nor too weak to delay the attack. A moderate value of 12000N is designed at the goal position, giving a control point (0, 12000), as the red dot on the left in Fig. 5 .
With respect to the other end, since the battle field is 3800 m × 2500 m, the longest distance between two locations is 3800 2 + 2500 2 ≈ 4600m. Given the weight of a robot 30 tonnes and the maximum acceleration of 3m·s −2 , the maximum attractive force is 30 × 10 3 kg × 3m·s −2 = 90000N. The other end point is (4600, 90000).
A middle control point between the two end points is placed to adjust the shape of the spline and its magnitude should preferably be stronger than the average, to maintain a vigorous attractive force during motion. This gives another control point (2300, 70000).
• Step 2: Establishment of spline coefficient equations
Given the three control points: (0, 12000), (2300, 70000), and (4600, 90000), an interpolating cubic spline, consisting two curve segments, is uniquely defined. Each curve segment is described by four coefficients and there are eight coefficients to be derived.
• Step 3: Derivation of spline coefficients
The coefficient vector is derived as: The derived interpolating cubic spline for attractive force control is shown in Fig. 5. 
Repulsive force
• Step 1: Assignment of control points
The assignment of control points in repulsive force design follows such a guideline. The repulsive force spline is monotonically decreasing. The two end points are positioned first, subject to the desired force value at the brim of the sensing range and the strongest repelling force when two robots almost collide, respectively.
Some inner points are then specified to divide the sensing range into some sections that correspond to different levels of collision dangers. The inner points are also used to tune the shape of the spline locally to achieve the anticipated force values and their changing rates.
Regarding an end point, when a neighbour is detected at brim of the sensing range of 400 m, the repulsive force begins to take effect. It gives the first control point (400, 0), as shown in Fig. 6 . Since the mass of a robot is 30 tonnes and the maximum deceleration is -3m·s −2 , the maximum magnitude of the repulsive force is: 30 × 10 3 kg × 3m·s −2 = 90000N, giving the other end point (0, 90000). At the switching boundary between the outer half and the inner half of the sensing range: R 2 = 200m, the force magnitude is designed to be half of the maximum repulsive force: 90000 2 = 45000N, giving a control point (200, 45000). This middle point also serves to ensure smoothness of the force curve at the switching boundary.
Concerning the outer half of the sensing range, it is preferable to generate relatively stronger force to steer the robot in an earlier stage. A sub-middle point (300, 32000) is specified to generate vigorous repulsive force.
Turning to the inner half of the sensing range, the force spline should have increasingly sharp derivative to provide swifter responsiveness. A sub-middle point (100, 58000) is assigned to make two slightly concave curve segments in the inner half of sensing range.
• Step 2: Establishment of spline coefficient equations
Given the five control points: (0, 90000), (100, 58000), (200, 45000), (300, 32000), and (400, 0), an interpolating cubic spline, consisting four curve segments, is uniquely defined. Each curve segment is described by four coefficients and there are sixteen coefficients to be derived.
• Step 3: Derivation of spline coefficients
The coefficient vector is derived as: 2) The corresponding interpolating cubic spline is shown in Fig. 6 .
• Step 4: Online force calculation After the offline design of interpolating cubic splines for both the attractive force and the repulsive force, the spline functions are ready for online dynamic motion planning for the team of military robots. Simulation and comparison results are presented in the following section.
Comparison with traditional force design
To validate the proposed approach in terms of motion safety, two methods of force design were compared, as illustrated in Fig. 7(a) and Fig. 7(b) . These include: (I) traditional method with proportional attractive force and inversely proportional repulsive force and (II) the splinebased method for both the attractive force and the repulsive force. Two methods accomplished the same mission as described in Table 2 .
In Fig. 7(a) , two robots collided near the left bottom corner, as highlighted in the dashed circle. The weak repulsive forces to the two robots by only a single inversely proportional function led to this collision.
In Fig. 7(b) , the spline-based method streamlined the motions of the two robots, allowing them to operate safely with a comfortable distance between each other.
This validated that the spline-based method could responsively tune the force magnitudes, according to the real-time dynamic situations. As such, the motions of robots are streamlined and the likelihood of robot collisions reduced.
To further evaluate the shortened operational time, each method was tested with five simulation runs. Average values and standard deviations are shown in Fig. 8 . Compared with traditional method, the spline-based method could shorten the mission time by 27.8%.
This confirmed that the flexibly designed splines can formulate responsive virtual forces for the robots in a dynamic battle field. The operational efficiency of the military mission was secured accordingly.
Discussion on Implementation to Physical Robots
Migration to physical robots
The Player/Stage robotic simulation system has been widely used in multi-robot control and simulation. On the other hand, for most robotic simulation systems, there are some inevitable discrepancies between the simulated and physical robot operations. Concerning our simulator, two implementation issues are worthy of discussion. 
Cyclic processing of a robot team
The first issue is the cyclic processing mechanism of the robot team. Our method is applicable to physical robots, which are decentralised with independent and simultaneous motion planning. However, in computer simulations above, robots are inevitably processed sequentially and periodically by the computer program, as shown in Fig. 9 . As such, the more robots involved in the team, the longer it takes to process and update all the robots during simulation. This would lead to a potentially dangerous situation where some robots that have not yet been updated with current sensing information may collide with other robots. Indeed, to simulate a large number of robots, the computer program design for the behaviours of each robot and the program control logic should be optimised to render the execution as efficiently as possible. Fortunately, implementation to physical robots does not suffer this limitation.
Reliability of sonars
Another issue is the reliability of the sonars. In the simulator, sonars work in an ideal way. In physical robot operations, however, possible power interruption will influence stability of power supply, causing some sensing noises. Then, dispersion and absorption of signals are attributed to the surface characteristics of the objects detected and the weather conditions. Finally, some possible signal noises caused by interference between different sources of signals need to be filtered appropriately. Hence, for physical robots, adequate tolerances and proper signal processing should be incorporated accordingly to ensure the measurements of the sonars to be reliable.
Conclusion and Future Work
This paper proposes a spline-based method to improve the design flexibility of virtual forces for dynamic motion planning of mobile robots. Interpolating user-assigned control points facilitates flexible force design that generates more desirable force magnitudes for each robot at specified locations. The shape of a spline can be flexibly designed and locally tuned to modify the force values, without jeopardizing the interpolation properties of other control points. The resulting smooth virtual forces provide agility needed for the robots to response to real-time and dynamic situations during operations. A military case study shows that the likelihood of robot collisions can be reduced and the operations become safer. Moreover, the overall operational time of the robot team is shortened substantially.
Nevertheless, it should be noted that, similar to most traditional force design methods, the virtual force design by our method is in accordance with the specific applications and on a trial-and-error basis. For example, the number of control points and their desired positions are designed with the proposed empirical guideline. As future work, it would indeed be more fruitful if a preliminary effective analytic guideline could be derived to assist the design of force splines. It is expected that, with such a guideline, the design process would be more effective and automatic. 
